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Abstract
Finding the maximum number of induced cycles of length k in a graph on n vertices
has been one of the most intriguing open problems of Extremal Graph Theory. Recently
Balogh, Hu, Lidicky´ and Pfender answered the question in the case k = 5. In this paper
we show that an n-vertex planar graph contains at most n
2
3
+ O(n) induced C5’s, which is
asymptotically tight.
1 Introduction
Tura´n-type problems are central in extremal combinatorics, with many long-standing open
questions. A typical problem in the area is to determine the maximum number of graph-
theoretical structures like edges, triangles or cycles in host graphs without certain substructures.
The problem of maximizing the number of induced copies of a fixed small graph H has
attracted a lot of attention recently, see, for example, [6, 9, 12]. Morrison and Scott determined
the maximum possible number of induced cycles, without restriction on length, that can be
contained in a graph on n vertices [11]. The maximal number of induced complete bipartite
graphs and induced complete r-partite subgraphs have also been studied [3, 4, 5]. The problem
of determining the maximum number of induced C5’s has been elusive for a long time and was
finally solved by Balogh, Hu, Lidicky´ and Pfender [2].
In this paper we determine asymptotically the maximum possible number of induced C5’s
in planar graphs on n vertices. Before we state our main result, let us mention some known
results about the number of (not necessarily induced) subgraphs in planar graphs. Let the
maximum number of (not necessarily induced) copies of the graph H in an n-vertex planar
graph be denoted by f(n,H).
This paper continues the work of [7], in which we determined the maximum number of
5-cycles in an n-vertex planar graph.
Theorem 1. ([7]) For n = 6 and n ≥ 8, f(n,C5) = 2n
2 − 10n + 12. For n = 5 we have
f(n,C5) = 6, and for n = 7 we have f(n,C5) = 41.
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Figure 1: Planar graphs containing asymptotically maximum number of induced 5-cycles and
4-cycles, respectively
Other works include Hakimi and Schmeichel [8], who determined the function f(n,C4) and
classified the extremal graphs attaining this bound (a small correction to their result was given
in [1]).
Theorem 2. ([8]) f(n,C4) =
1
2 (n
2 + 3n− 22) for n ≥ 4.
It can be observed that if we take a planar graph on n vertices given by K2,n−2 (see Figure
1 (b)), it contains exactly 12(n
2 − 5n+6) induced 4-cycles. It follows from this observation and
Theorem 2 that the maximum number of induced 4-cycles in a planar graph with n vertices is
1
2n
2 +O(n).
Very recently, Huynh, Joret and Wood [10] determined the order of magnitude of f(n,H)
for every graph H.
In this paper, we give a tight asymptotic bound on the number of induced 5-cycles in a
planar graph with given number of vertices.
Theorem 3. Let G be a planar graph on n vertices. Then G contains at most n
2
3 +O(n) induced
C5’s.
Let 3|(n−4) and let A,B and C be pairwise disjoint sets of vertices with |A|= |B|= |C|= n−43 .
We define an n-vertex planar graph G as follows. The vertex set of G is the three set of
vertices A,B and C together with four vertices, say v1, v2, v3 and u. Thus, V (G) = A ∪ B ∪
C ∪ {v1, v2, v3, u}. We define the edges of G as E(G) = {v1v2, v2v3, v3v1} ∪ {v1a, au| ∀a ∈
A} ∪{v2b, bu| ∀b ∈ B} ∪{v3c, cu| ∀c ∈ C} (see Figure 1 (a)). It can be checked that G contains
exactly 3 · (n−43 )
2 = (n−4)
2
3 induced C5’s. Thus, this construction shows that the bound we have
in Theorem 3 is asymptotically best possible.
Our strategy to prove Theorem 3 is the following. We show that if n is sufficiently large,
then there exists a vertex which is contained in at most 2n/3 induced C5’s, unless the graph
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has a specific structure (see Lemma 5), in which case we argue directly that the graph contains
at most (29 + o(1))n
2 induced C5’s (see Lemma 6). This, combined with induction on n, implies
Theorem 3.
2 Preliminaries
Let G be a planar graph on n vertices. We denote the edge and vertex sets of G with V (G)
and E(G), respectively. For a vertex v ∈ V (G), we denote its degree by dG(v). The set of its
neighbours is denoted as NG(v). For simplicity, we drop the subscript whenever the graph is
clear.
We start with a basic lemma, which we are going to use throughout the paper.
Lemma 1. Let G be a planar graph, let v ∈ V (G), and let u and w be distinct neighbours of v.
Let X0 = N(u) \ (N(w) ∪ {w}) and let Y0 = N(w) \ (N(u) ∪ {u}). Let X be the subset of X0
consisting of those vertices that have at least one neighbour in Y0, and let Y be the subset of Y0
consisting of those vertices that have at least one neighbour in X0. Then the number of induced
C5’s in G containing u, v and w is at most |X|+|Y |−1.
Proof. Clearly any such C5 contains precisely one vertex from each ofX and Y . Hence, the num-
ber of such induced C5’s is at most the number of edges between X and Y . However, the induced
bipartite subgraph of G with parts X and Y is acyclic. Indeed, suppose that there is a cycle
x1y1x2y2 . . . xkykx1 with xi ∈ X and for all i and yj ∈ Y for all j. The subgraph of G with ver-
tices u, v, w, x1, y1, . . . , xk, yk and edges uv, vw, ux1, ux2, wy1, wy2, x1y1, y1x2, x2y2, y2x3, . . . , ykx1
is a subdivision of K3,3 with the parts being {u, y1, y2} and {w, x1, x2}. Indeed, the only edge
of this K3,3 which is potentially not present in G is x1y2, but we have a path y2x3y3 . . . xkykx1
in G. Hence, G is not planar, which is a contradiction. Thus, the induced bipartite subgraph
of G with parts X and Y is a forest, therefore it has at most |X|+|Y |−1 edges.
3 Finding an empty K2,7
In this section we prove that if G does not contain an empty K2,7, then there is even a vertex
which is contained in at most 11n/20 induced C5’s. Here an empty K2,7 in a drawing of G
means distinct vertices u and w, and z1, . . . , z7 ∈ N(u) ∩N(w) in natural order such that the
bounded region with boundary consisting of uz1, z1w, wz7 and z7u contains no vertex other
than z2, . . . , z6.
Lemma 2. Let n be sufficiently large and let G be a plane graph on n vertices. If G does not
contain an empty (not necessary induced) K2,7, then there is a vertex in G which is contained
in at most 11n/20 induced C5’s.
To prove this, we need some preliminaries.
Lemma 3. Let n be sufficiently large and let G be a planar graph on n vertices. If G does not
contain a (not necessary induced) K2, n
106
, then there is a vertex in G which is contained in at
most n/2 induced C5’s.
Proof. Suppose otherwise. Let v be a vertex of degree at most 5 in G. Then v has distinct
non-adjacent neighbours u and w such that the number of induced C5’s containing u, v and w
is at least n/20. Define X and Y as in Lemma 1. By the same lemma, we have |X|+|Y |≥ n/20.
Let G′ be the induced bipartite subgraph of G with parts X and Y . By assumption, there is
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no vertex of degree at least n/106 in G′. Then since G′ has at least |X|+|Y |2 ≥ n/40 edges, there
must exist a set of at least 104 independent edges in G′.
Let they be x1y1, x2y2, . . . , x104y104 such that x1, x2, . . . , x104 ∈ X, the edges ux1, ux2, . . . , ux104
are in anti-clockwise order, and the bounded region with boundary consisting of edges ux1,
x1y1, y1w,wy104 , y104x104 , x104u contains all xi and yi. For 1 ≤ i ≤ 10
4 − 1, let Ri be the
bounded region with boundary consisting of uxi, xiyi, yiw,wyi+1, yi+1xi+1, xi+1u. Choose 11 ≤
i ≤ 104 − 12 such that the number of vertices in Ri−10 ∪ Ri−9 ∪ . . . ∪ Ri+11 is at most n/300.
Let R = Ri ∪Ri+1.
Let S be the set of vertices of G in the interior of R which do not belong to N(u) ∩N(w).
Note that xi+1 ∈ S, so S 6= ∅. Now the graph G
′′ = G[S] is planar, so there exists some z ∈ S
which has degree at most 5 in G′′. But it is joined to at most 2 elements of N(u) ∩N(w), so it
has at most 7 neighbours in the interior of R. Hence (together with u, xi, yi, w, yi+2 and xi+2),
z has at most 13 neighbours.
By assumption, z is contained in at least n/2 induced C5’s. It is easy to see that any such
C5 is either contained entirely in Ri−10 ∪ Ri−9 ∪ . . . ∪ Ri+11 or it contains both u and w. In
the former case, it can only use a set of at most n/300 vertices, and since z has degree at
most 13, by Lemma 1 there are at most
(13
2
)
· n/300 < n/3 such induced C5’s. So there are
at least n/6 induced C5’s containing z, u and w. Recall that u and w are non-adjacent and
z 6∈ N(u) ∩ N(w). If z ∈ N(u), then all these induced C5’s are of the form uzswt for some
s ∈ N(z) and t ∈ N(u) ∩N(w), while if z ∈ N(w), then all these induced C5’s are of the form
uszwt for some s ∈ N(z) and t ∈ N(u)∩N(w). In either case, since |N(z)|≤ 13, it follows that
|N(u) ∩N(w)|≥ n6·13 >
n
106 . This contradicts the condition in the lemma.
Lemma 4. Let n be sufficiently large and let G be a plane graph on n vertices. Let u and
w be distinct vertices, and let v1, v2, . . . , v6 be some of their common neighbours, in natural
order. Assume that the number of vertices in the interior of the bounded region with boundary
consisting of uv3, v3w, wv4 and v4u is at least one but at most n
1/5 and that there is no common
neighbour of u and w in the same region. Then G has a vertex which is contained in at most
11n/20 induced C5’s.
Proof. Suppose otherwise. Let R be the bounded region with boundary consisting of uv3, v3w,
wv4 and v4u. Let x be an arbitrary vertex inside R. By assumption, x 6∈ N(u) ∩N(w). Since
there are at most n1/5 + 4 vertices in R (including its boundary), the number of induced C5’s
containing x which lie entirely in R (possibly touching the boundary) is at most (n1/5 + 4)4 ≤
n/20. Thus, since x is contained in at least 11n/20 induced C5’s, there exist at least n/2 induced
C5’s containing x which contain vertices outside R.
Take such an induced C5 and call it C. We claim that C must contain both u and w, but
does not contain v3 and v4. Indeed, if we go through the vertices of C one by one in natural
order, starting with x, then there will be a vertex from the set {u, v3, w, v4} right before the
walk first leaves R, and then one in the same set when the walk first returns to R. Call these
two vertices y and z, respectively. Since C contains the vertex x, which is in the interior of R, it
follows that y and z are not neighbours in C, so they are also not neighbours in G. Thus, either
{y, z} = {u,w} or {y, z} = {v3, v4}. In the latter case, again since C is induced and contains
x, C contains neither u nor w. So there exists a path of length at most 3 in C, and therefore
also in G, from v3 to v4 outside of R which avoids both u and w. This is clearly not possible
because of the vertices v1, v2, v5 and v6.
Thus, C indeed contains both u and w, and it is easy to see that it does not contain v3
and v4. Since x 6∈ N(u) ∩ N(w), it follows that either x ∈ N(u) and C = uxqwr for some
q ∈ N(x) ∩ N(w) \ {v3, v4} and r ∈ N(u) ∩ N(w), or x ∈ N(w) and C = uqxwr for some
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q ∈ N(x)∩N(u) \ {v3, v4} and r ∈ N(u) ∩N(w). In particular, it follows that N(u) and N(w)
both have vertices in the interior of R.
Let X be the set of vertices of N(u) in the interior of R and let Y be the set of vertices of
N(w) in the interior of R. Similarly as in the proof of Lemma 1, the induced bipartite subgraph
of G with parts X and Y is acyclic. Thus, there is a vertex in that graph of degree at most
one. Without loss of generality we may assume that some x ∈ X has at most one neighbour in
Y . Then, by the previous paragraph, there are at most |N(u) ∩N(w)| induced C5’s containing
x as well as vertices outside R. Thus, by the first paragraph, |N(u) ∩N(w)|≥ n/2.
By a simple averaging, it follows that there exist distinct t1, t2, . . . , t7 ∈ N(u) ∩ N(w) (in
natural order) such that the region S bounded by ut1, t1w,wt7, t7u contains at most 100 vertices.
Now any induced C5 which contains t4 and has vertices outside S must contain u and w. Such
an induced C5 cannot contain any vertices from N(u) ∩ N(w) other than t4, so by Lemma 1,
there are at most n/2 such induced C5’s. The number of induced C5’s containing t4 but no
vertices outside S is at most 1005, so t4 satisfies the conclusion of the lemma.
Corollary 1. Let n be sufficiently large and let G be a plane graph on n vertices with the property
that G contains a (not necessarily induced) subgraph K2,7·⌈n4/5⌉. Then in this K2,7·⌈n4/5⌉ there
is an empty K2,7 or there is a vertex in G which is contained in at most 11n/20 induced C5’s.
Proof. Assume that there is no vertex in G which is contained in at most n/2 induced C5’s.
Choose distinct u and w in G with |N(u)∩N(w)|≥ 7 · ⌈n4/5⌉. Let v1, v2, . . . , v7·⌈n4/5⌉ ∈ N(u)∩
N(w) in natural order. For each 1 ≤ i ≤ 7 · ⌈n4/5⌉ − 1, let Ri be the bounded region with
boundary consisting of the edges uvi, viw, wvi+1 and vi+1u. By Lemma 4, each Ri with
3 ≤ i ≤ 7 · ⌈n4/5⌉ − 3 contains either zero or at least n1/5 vertices in its interior. Hence, the
number of non-empty Ri’s is at most n
4/5 + 4. Thus, there exists some 1 ≤ i ≤ 7 · ⌈n4/5⌉ − 6
for which u,w, vi, vi+1, . . . , vi+6 define an empty K2,7.
Now Lemma 2 follows Lemma 3 and Corollary 1.
4 Structure of the exceptional graphs
Lemma 5. Let n be sufficiently large and let G be a planar graph on n vertices. Suppose there
does not exist a vertex in G which is contained in at most 2n/3 induced C5’s. Then there exist
distinct non-adjacent vertices u and w with the following properties.
1. |N(u) ∩N(w)|≥ n/3− n6/7.
2. There exist sets X ⊂ N(u) \N(w) and Y ⊂ N(w) \N(u) such that |X|+|Y |≥ 2n/3 and
every x ∈ X is adjacent to at least 1 but at most n5/6 elements of Y and every y ∈ Y is
adjacent to at least 1 but at most n5/6 elements of X.
Proof. Suppose otherwise. Take an arbitrary drawing of G. By Lemma 2, there exists an empty
K2,7 in G. Let u and w be the two vertices in the part of size 2 in K2,7, and let v be the centre
vertex in the part of size 7. Define X and Y as in the statement of Lemma 1. Since every
induced C5 containing v also contains u and w, and by assumption v is contained in more than
2n/3 induced C5’s, it follows by Lemma 1 that |X|+|Y |> 2n/3+1. Moreover, since there exists
an induced C5 containing u, v and w, it follows that u and w are non-adjacent.
Let G′ be the induced bipartite subgraph of G with parts X and Y .
Suppose first that G′ has maximum degree at least n5/6. By symmetry, we may assume
that some y ∈ Y has degree at least n5/6 in G′. Then |N(y) ∩X|≥ n5/6. For large enough n,
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Figure 2: Proof of Claim 1
together with u and y, these vertices form a K2,7⌈n4/5⌉. Thus, by Corollary 1, there are vertices
x1, . . . , x7 ∈ N(y) ∩ X such that together with u and y they form an empty (not necessarily
induced) K2,7. By assumption, x4 is contained in at least 2n/3 induced C5’s. However, note
that any such induced C5 also contains u and y. Let Z be the set of all vertices in X∪Y \{y, x4}
which are contained in an induced C5 containing x4. Order the elements of Y as y1, y2, . . . , yk
such that the edges wv,wy1, . . . , wyk are in clockwise order.
Then yiyj is an edge only if j = i+ 1. Indeed, for any 1 ≤ ℓ ≤ k there exists a path from v
to yℓ (through u and some x ∈ X) which avoids {w} ∪ Y \ {yℓ}. But if yiyj is an edge for some
j > i+ 1, then the triangle wyiyj separates yi+1 from v.
Now y = yi for some i.
Claim 1. If k = 1, then Z = ∅. Suppose that k ≥ 2. If i = 1, then Z ⊂ (N(y2) ∩ X) ∪
{y2} \N(y1). If i = k, then Z ⊂ (N(yk−1) ∩X) ∪ {yk−1} \N(yk). Otherwise Z ⊂ ((N(yi−1) ∪
N(yi+1)) ∩X) ∪ {yi−1, yi+1} \N(yi).
Proof. If k = 1, then Y = {y} and X ⊂ N(y) ∩N(u), so the first assertion is straightforward.
Suppose that k ≥ 2. Let z ∈ Z. First assume that z ∈ Y . Then z is not a neighbour of u,
so it must be a neighbour of y = yi. Thus, z = yi−1 or z = yi+1.
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Now assume that z ∈ X. Observe that since y, x4, u and z are contained in an induced C5,
we have z 6∈ N(y), and the fifth vertex in the C5 is some q ∈ N(y) ∩N(z).
Let us first assume that 2 ≤ i ≤ k − 1. Let r1 be an arbitrary element in N(yi−1) ∩ X
and let r2 be an arbitrary element in N(yi+1) ∩ X. Note that the edges wyi−1, yi−1r1, r1u,
ur2, r2yi+1, yi+1w divide the plane into two regions; let R be the one which contains yi. Then
either z is also in R (possibly on the boundary), or q is on the boundary of R. But ux4yqz is
an induced C5, so q 6∈ N(u). Thus, q 6∈ X so q 6= r1 and q 6= r2. Also, z ∈ X, so z 6∈ N(w),
hence q 6= w. Moreover, q is distinct from u. Thus, if q is on the boundary of R, then q = yi−1
or q = yi+1. In either case z ∈ N(yi−1) ∪N(yi+1). If q is not on the boundary of R, then z is
in R (possibly on the boundary). Also, z ∈ X, so z has a neighbour in Y . But z 6∈ N(yi), so
z ∈ N(yi−1) ∪N(yi+1), as claimed.
Assume now that i = 1. Let r be an arbitrary element inN(y2)∩X. The edges wv, vu, ur, ry2
and y2w divide the plane into two regions; let R be the one containing y1. Then either z is also
in R (possibly on the boundary), or q is on the boundary of R. But q 6∈ N(u) so q 6= r and
q 6= v. Also, z ∈ X, so z 6∈ N(w), hence q 6= w. Moreover, q is distinct from u. Thus, if q is on
the boundary of R, then q = y2. Hence, z ∈ N(y2). If q is not on the boundary of R, then z is
in R (possibly on the boundary). Also, z ∈ X, so z has a neighbour in Y . But z 6∈ N(y1), so
z ∈ N(y2).
The case i = k is very similar, so the claim is proved.
Since x4 is contained in at least 2n/3 induced C5’s, and any such C5 contains u and y as well,
it follows by Lemma 1 and Claim 1 that n−|X ∪Y |+|((N(yi−1)∪N(yi+1))∩X)∪{yi−1, yi+1}\
N(yi)|≥ 2n/3+1. Since |X ∪Y |≥ 2n/3− 1, by symmetry we may assume that |N(yi−1)∩X|≥
7 · ⌈n4/5⌉. Then, by Corollary 1, there must exist vertices x′1, x
′
2, . . . , x
′
7 ∈ N(yi−1) ∩X which
together with u and yi−1 form an empty (not necessarily induced) K2,7. Let Z
′ be the set of all
vertices in X ∪Y \{yi−1, x
′
4} which are contained in an induced C5 containing x
′
4. Then, by the
same argument as in Claim 1, it follows that Z ′ ⊂ ((N(yi−2)∪N(yi))∩X)∪{yi−2, yi}\N(yi−1),
and that n − |X ∪ Y |+|Z ′|≥ 2n/3 + 1. Thus, |Z|+|Z ′|≥ 2|X ∪ Y |−2n/3 + 2. However, Z and
Z ′ are disjoint, so |Z|+|Z ′|≤ |X ∪ Y |. Thus, |X ∪ Y |≤ 2n/3− 2, which is a contradiction.
So G′ has maximum degree less than n5/6.
Let x ∈ X be an arbitrary vertex. We give an estimate for the number of induced C5’s
containing x. We first count those C5’s which contain both u and w as vertices. Let us call
these type 1 C5’s. Since w is non-adjacent to both x and u, the number of type 1 C5’s containing
x is at most dG′(x) · t, where dG′(x) is the degree of x in G
′ and t = |N(u) ∩N(w)|.
Call those induced C5’s which do not contain both u and w type 2. To bound the number
of such C5’s, we will use the following claim.
Claim 2. For every q ∈ V (G), the number of vertices z ∈ X ∪ Y for which there exists a path
of length at most 3 between q and z avoiding both u and w is at most 100n5/6.
Proof. Take a maximal matching between X and Y . Let the edges in this matching be
xi1yi1 , . . . , xisyis such that xij ∈ X, yij ∈ Y and the edges wyi1 , . . . , wyis are in clockwise order.
For each 1 ≤ j ≤ s − 1, let Rj be the bounded region with boundary consisting of the edges
uxij , xijyij , yijw,wyij+1 , yij+1xij+1 , xij+1u, and let R0 be the unbounded region with boundary
consisting of the edges uxi1 , xi1yi1 , yi1w,wyis , yisxis , xisu. Let 0 ≤ j ≤ s−1. By the maximality
of our matching, any element of X ∪ Y in the interior of Rj is a neighbour in G
′ of some vertex
in X ∪ Y on the boundary of Rj . Since there are 4 vertices in X ∪ Y on the boundary of Rj,
and G′ has maximum degree less than n5/6, there are at most 4n5/6 elements of X ∪ Y in the
interior of Rj.
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Let q ∈ V (G) \ {u,w}. Then q is in Rj (possibly on the boundary) for some 0 ≤ j ≤ s− 1.
If there exists some z ∈ X ∪Y for which there is a path of length at most 3 from q to z avoiding
both u and w, then z is in Rj−4 ∪ Rj−3 ∪ . . . Rj+4 (with the subscripts considered modulo s).
But there are at most 9 · 4n5/6 such vertices z, which finishes the proof of the claim.
Recall that G′ is acyclic, so the number of edges in G′ is at most |X|+|Y |−1. Thus, if ℓ
is the number of vertices of degree at least 3 in G′, then 3ℓ ≤ 2(|X|+|Y |), so the number of
vertices of degree at most 2 in G′ is |X|+|Y |−ℓ ≥ |X|+|Y |3 ≥
2n
9 .
The number of edges in G is at most 3n, so the number of vertices in G of degree at least
60 is at most n/10.
Moreover, it follows from Claim 2 that the number of vertices z ∈ X ∪ Y for which there
exist at least 1000n5/6 vertices q ∈ V (G) with a path of length at most 3 between z and q and
avoiding both u and w is at most n/10.
Thus, there exists a vertex z ∈ X ∪ Y which has degree at most 2 in G′, degree at most 60
in G and for which the number of q ∈ V (G) with a path of length at most 3 between z and q
avoiding u and w is at most 1000n5/6.
Suppose that q ∈ V (G) is distinct from z, u and w, and that there exists a type 2 induced C5
containing both z and q. Then there exists a path of length at most 3 from q to z which contains
neither u nor w. But there are at most 1000n5/6 such vertices q ∈ V (G), so by Lemma 1, the
number of type 2 induced C5’s containing z is at most
(60
2
)
·(1000n5/6+2). Moreover, the number
of type 1 induced C5’s containing z is at most 2t, where t = |N(u) ∩ N(w)|. Since the total
number of induced C5’s containing z is at least 2n/3, it follows that |N(u)∩N(w)|≥ n/3−n
6/7.
This completes the proof of the lemma.
The next result completes the proof of Theorem 3.
Lemma 6. Suppose that G is a planar graph in which there are distinct non-adjacent vertices
u and w satisfying properties 1. and 2. from the previous lemma and that there is no vertex
which is contained in at most 11n/20 induced C5’s. Then the number of induced C5’s in G is
at most (29 + o(1))n
2.
Proof. In this proof we use the notation defined in the statement of Lemma 5.
Take a drawing of G. Let N(u) ∩ N(w) = {v1, . . . , vt} such that uv1, uv2, . . . , uvt are
in anticlockwise order and the bounded region with boundary consisting of uv1, v1w,wvt, vtu
contains all the vi’s. For 1 ≤ i ≤ t− 1, let Ri be the bounded region with boundary consisting
of uvi, viw,wvi+1, vi+1u. Suppose that there are at least 7 · ⌈n
4/5⌉ values of i for which the
interior of Ri contains a vertex of G. Then we can easily find a K2,7·⌈n4/5⌉ in G in which no
K2,7 is empty, so by Corollary 1 there is a vertex in G that is contained in at most 11n/20
induced C5’s, which is a contradiction. Thus, for all but o(n) choices 6 ≤ i ≤ t− 6 the regions
Ri−5, Ri−4, . . . , Ri+5 contain no vertex in their interior. But for all such i, we have that vi is
contained in at most 2n/3 + o(n) induced C5’s.
Let us remove the vertices vi for these values of i from G and note that with this we remove
at least n/3 − o(1) vertices but at most (29 + o(1))n
2 induced C5’s (since, by property 2., we
have |N(u)∩N(w)|≤ n/3). It suffices to show that in the remaining graph G′ there are at most
o(n2) induced C5’s. Let S = V (G
′) \ (X ∪ Y ∪ {u,w}). Note that |S|= o(n).
Now we remove the vertices in S one by one in careful order, such that in each step we remove
O(n) induced C5’s. Note that any v ∈ V (G) is joined to at most 6 vertices from X ∪Y ∪{u,w}.
Thus, since G′ is planar, we may remove the vertices of S one by one in a way that in each step
the removed vertex has at most 11 neighbours in the current graph. This way, by Lemma 1, we
remove at most
(11
2
)
· n induced C5’s in each step. Thus, while removing the vertices in S, we
remove at most o(n2) induced C5’s.
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It remains to prove that in G′′ = G[X ∪ Y ∪ {u,w}] there are o(n2) induced C5’s. To show
this, we prove that we may remove the vertices in X ∪ Y one by one such that in each step
we remove o(n) induced C5’s. Clearly, in each step we can remove a vertex q ∈ X ∪ Y which
has degree at most 6 in the current graph. We claim that q is then contained in at most o(n)
induced C5’s. Let Z be the set of vertices z ∈ X ∪Y for which there is a path of length at most
3 from q to z which avoids both u and w. Similarly as in Claim 2, it follows by property 2.
that we have |Z|= o(n). Since N(u)∩N(w)∩ (X ∪Y ) = ∅, there is no induced C5 with vertices
from X ∪ Y ∪ {u,w} which contains both u and w, so any induced C5 which contains q must
consist of vertices from the set Z ∪ {u,w}. Thus, as q has degree at most 6, by Lemma 1 there
are at most o(n) induced C5’s containing q.
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